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Abstract

This thesis presents a comprehensive study on the construction of conservation laws and the application of double
reduction techniques to obtain exact solutions for the ill-posed boussinesq equation

ILET = IL.?I:’J:’ + IL—J:’.?I:’ + ILIIJ:’J:’

Conservation laws are utilized to perform a double reduction of the original PDE. This reduction process involves two
key stages: firstly, the application of the derived conservation laws to convert the PDE to ODE then reduction of the
order of the ODE and secondly, the further simplification of the reduced equation by exploiting additional symmetries
to obtain the exact solutions. The exact solutions are analyzed and graphically demonstrated to gain insight into the
underlying physical and mathematical properties of the original PDE. The dissertation contributes to the field of applied
mathematics by providing a rigorous framework for constructing conservation laws and applying reduction techniques
to nonlinear PDEs. The exact solutions obtained not only advance the theoretical understanding of the equation but also
offer potential applications in areas such as fluid dynamics, nonlinear optics, and other fields where similar equations
arise.
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1. Introduction

Partial Differential Equations (PDEs) play a pivotal role in the modeling and analysis of various physical phenomena
across disciplines such as physics, engineering, and applied mathematics [2,11,12]. These equations describe how
physical quantities such as heat, sound, fluid flow, and electromagnetic fields change over space and time. The study of
PDEs is fundamental to understanding the behavior of systems governed by the laws of nature, and their solutions
provide insights into the dynamics of these systems.

Among the vast array of PDEs, nonlinear equations, in particular, pose significant challenges due to their complexity
and the rich variety of behaviors they can exhibit. Nonlinear PDEs often describe processes where the effects of
interactions cannot be simply added together, leading to phenomena such as shock waves, solitons, and turbulence [12].
Finding exact solutions to these equations is crucial, as they can serve as benchmarks for numerical simulations and
offer deep insights into the underlying physical processes.

The Boussinesq equation, first derived by Joseph Boussinesq [1] is a nonlinear partial differential equation (PDE) that
has far-reaching implications in various fields, including physics, engineering, and mathematics. Boussinesq[1], a
French mathematician, presented his work in a paper titled "Théorie des ondes et des remous qui se propagent le long
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d'un canal rectangulaire horizontal, en communiquant au liquide contenu dans ce canal des vitesses sensiblement
pareilles de la surface au fond" (Theory of waves and ripples that propagate along a horizontal rectangular channel,
communicating to the liquid contained in this channel speeds that are roughly equal from the surface to the bottom).
Lord Rayleigh [8], an English physicist, independently derived a similar equation in 1876, now known as the Rayleigh-
Boussinesq equation. The renowned work done by Korteweg and de Vries [3] led to the derivation of the KdV equation,
a simplified version of the Boussinesq equation, to model shallow water waves.

The Boussinesq equation has found applications in various fields, including shallow water waves and coastal
engineering, nonlinear optics and fiber optics, and plasma physics and ion-acoustic waves.The generalized Boussinesq
(GB) equation with a damping term is given by u;; = 2kUyr + QUyxrx + € U™, Where K, g, c are constants and n is a
nonzero real number[11]. This equation is widely used as a model to describe natural phenomena in many scientific
fields, such as plasma waves, solid physics, and fluid mechanics.

A special case of the Boussinesq equation is the modified Boussinesq equation, which is obtained whenk=0,q=1,c=
-1, and n = 3. This equation is used to model the temporal evolution of nonlinear finite amplitude waves on a density
front in a rotating fluid. Exact traveling wave solutions for the generalized Boussinesq equation have been studied using
various methods, including the extended tanh method and the direct method. The Boussinesq equation appears in
different forms, depending on the values of the constants k, g, ¢, and n. For example, if u,,; is replaced by u,, , the
general form of the Boussinesq equation becomesu;; = Uy, + qUyyyy + U2, forn=2,k=1,and c = 1. This equation is
known as the good Boussinesq or well-posed equation when q = -1, and the bad or ill-posed Boussinesq equation when

q=1
Therefore, the equation under investigation in this dissertation is the ill-posed nonlinear PDE
Upe = Uy + Usy F Uy everveeerennn (1.0)

This equation is characterized by its combination of second-order time derivatives and a mix of second and fourth-order
spatial derivatives, along with a nonlinear term involving the square of the dependent variable. Such equations often
arise in the study of wave propagation in nonlinear media, including the analysis of elastic waves, fluid dynamics, and
other areas where higher-order dispersion effects and non-linearities are significant. Despite the challenges
encountered in finding solutions to the (1.0), researchers have made significant progress in solving the ill-posed
Boussinesq equation using various numerical methods. Recent advances in symmetry analysis and conservation laws
through the multiplier method have provided new insights into solving the ill-posed Boussinesq equation[11,12]. This
method has been successfully applied to other nonlinear PDEs, and researchers are hopeful that it will provide a
breakthrough in solving the ill-posed Boussinesq equation.

1.1. Statement of problem

The ill-posed Boussinesq equation (1.0) poses significant challenges due to its non-integrable nature, which makes it
difficult to find exact solutions. Furthermore, the equation's ill-posedness leads to numerical instability, making it
challenging to obtain accurate numerical solutions. Due to the crucial role played by this equation, finding its exact
solutions becomes significant as it throws more light into the physical features and intricate behavior of the system

1.2. Significance of the study

The significance of this study lies in its contribution to the theory and application of nonlinear PDEs. By constructing
conservation laws and performing double reductions, this research advances the understanding of complex nonlinear
systems and provides a methodology that can be applied to other PDEs with similar structures. The exact solutions
obtained in this study offer valuable insights into the behavior of the equation and can serve as benchmarks for future
analytical and numerical studies.

1.3. Scope of the study

This study is focused on the mathematical analysis of (1.0). The research is divided into four main components: the
construction of conservation laws and Lie point symmetries, the reduction of the PDE using these laws, solving the
reduced equations to get exact solutions and analysis of the solutions obtained
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2. Methodology
lie point symmetry method were used for the derivation of the Lie symmetries while the conservation laws which serve
as integral in-variants under the dynamics described by the PDE.associated are systematically constructed using
multiplier method. We chose to use the multipliers method to construct the conservation laws of the equation (1.0) for
the first time because of its numerous advantages over other methods. The method of multipliers helps to find
conserved integrals and local continuity equations of PDES. The conserved vectors and lie symmetry vectors derived in
turn serves as tools or approach to perform double reduction of the PDE under consideration
2.1. Lie point symmetry method
Lie point symmetries admitted by equation (1.0) are generated by a vector field of the form
sz(xtu)i+ T(xtu)i+(l>(xtfu)i (2.0)

L)~ L) o )~ .
and we need to solve for the coefficient functions & (x,t,u), T(xtu), ¢ (xtu).
V must satisfy Lie’s symmetry condition (1. 3), thatis

VI [y — Unye — UPry — Uggmx =0l |@0) =0, s (2.1)

where VI4lis the fourth prolongation of the operator V defined by

a a ) | a d F]
Vi =V+ (Ixa +¢t a_ut—l_ Cxx m + et E + Cxx E—'— Cxxx m Cxxxx EI
and the coefficients ¢y, ¢¢, Cexs Cttr Sxxx AN Cyyxy are given by
Cx = Dx((b) - Uth(E) - UXDX(T),
Cr = Di(d) —utDe(§) — uxDe(1),
Cox = Dy (CX) - UXtDX(E) = Uxx DX(T),
Gee = De(Qt) - ueDx(§) - uw Dx((1),
= Dx((xx) = Uxxt DX(E) = Uxxx Dx((‘[),
(IXXX
Cxxxx = Dx((xxx) — Usxxt Dx(z) — Usxxx Dx((T)
Here Dx, Dt denote the total derivative operators defined by
a ] ] a a i
Dx=&+ux%+utxa—w+..., Dt:a +uta+uxta—u){+... ............ (2.2)

Expansion and separation of (2.1) with respect to the powers of different derivatives of u yields an over determined
system in the unknown coefficients &, Tand ¢. However the over determined system cannot be presented here due to
its lengthy calculations. We present only the result and refer the reader to [8] for details. Solving the over determined
system for arbitrary parameters we obtain thee coefficients

E(x, t,u) = %clx +c3,t(x t,u) =it + oo, p(x, t,u) = —c(u + %),

where c;, ¢, and c; are constants. Without loss of generality,
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. . a
takingc; = 1,¢; = 0,c, = 0, we obtain the symmetry vector V; = e

o . 3 d ] 3
Similarly, we obtain the restas V, = P Vs = %x wTto— (u+ %) ™

These 3 symmetry vectors, v;, v, and v; will be used to reduce equation (1.0) to simpler and solvable form.

2.2. Conservation laws via multiplier approach

A conserved vector corresponding to a conservation law of the equation (1.0) is a 2-tuple (T¢, T*) such that
D, T*+D,T*=0
along the solutions of the equation. We derive the conservation laws using the multiplier approach [9,10]

Consider the multiplier A of order up to two, viz. A = (t, x, U, Uy, Us, Uye, Uy Ute) Usxxr) fOr €qn.(1.0). The conserved
vector (T4, T*) of eqn.(1.0) satisfies the divergence relation

Dy Tt + D, T* = A(ugr = Uyt (U?) 1 + Usyrx) = 0 . Moreover, we have %(A)(utt = Uyt (WU s + Ussr) = 0.
(2.3)

After a lengthy calculation with the help of maple software we obtain the following conserved vectors with their
corresponding multipliers:

A, =1
TE = —u,, TF = 2uw, + Uy + ey

A, =x

Tf = —xup, TS = 2xUUy — U + XUy + Xy — U — Ugy  covvrrerrennnns (2.4)
As=t

TE = —uy + U, T = 2tuuy, + tuy + tuyy,
Ay =xt
Tf = —xtu, + xu, T} = 2xtuu, — tu? + xtu, + Xty — tU — Ly,

2.3. Definition

Consider a scalar PDE F = 0 with n = 2,(x1,x2) = (t,x) which admits a symmetry X associated with a conserved vector (77
TX). In terms of the canonical variables r,s obtained by mapping Xto Y = % the conservation laws can be expressed as[5]

DrTr+ DsTs = 0,

with Trand T*given as

T'Dy(r) +T*D,(r)
Dy(r)D.(s) _'l)m(r)ljt(s),

T —

T'Dy(s) + T"D,(s)

17 = Dt.("f')D;J:(“f) - D.r:('r)D"'(S)'
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This now allows for a double reduction of the PDE.

2.4. Double reduction of equation (1.0)

We firstly show that the lie vector symmetries are associated with the conserved vectors. This happens if

Ve Gi) + (D& 4.9 (Tt) (E) (gi gii) _ (8),1 =123

T*and T{i = 1,2,3 and 4 are conserved vectors and Vi[s] is the third prolongation of the V;,i = 1,2 and 3

a
and Vi[3 =V + ¢ — au +qt ou; + Cxx 77 EIN + Gt 7 E + Cx ouy + Cxxx 5 EY

t
Tl) with its multiplier A;.

since V; and V, are trivial symmetries, they are associated with T; = (TX
1

t
Next, we verify if V; is associated with (,}‘ )
1

] 0,0 L0
2%x " ot (u z)au'

Elx,t,u) = %x,r(x, tw=t¢xt,u)= —(u+ %).
Di(¢) = —uy, De(z) = 1, Dy(§) = 0, D(¢h)= - ux, Dx(§) =, Du(1) = 0
Cx = Dx(d) — utDt(§) — uxDx(t) = - ux - Ut .0- ux .0= -ux
Gt = (& =De(d) — utD(€) — uxDe(T)= -ur -ut.0 - ux.1= -ur - ux
Gt =Dt (Ct) - uet Dx (§) - ux Dx (T)= -utt- uex - %Utt'un(. 0=- % Utt -Utx
Gxx = Dx (Gx) - uxe Dx (§ ) — uxx Dx (T) = -Uxx- éuxt- Uxx. 0 = ~Usx- %UXt
Cxxx = Dx (Cxx) = Uxxt Dx (§) = Wxxx Dx (T) = -Uxxx- ;LIxxt‘ %Uth' iuxxx.0= ~Uxxx-Usxt
Substituting (1.) we obtain the third prolongation of V5 as

@ _ 1.0 ,.0 1, 0 2 a 1 5 3
V = - &'Fta— (u +E)E'u"a_ux+ (-u - Ux)a—ut‘l‘(-UXx' Euxt)m +(—Eutt uxt)au + (-uxx- UXt) —|‘( Uxxx~

uxxt) FY

Also substituting into

3 9
du, - dug - 2 g, T e Tt ) g+ (uxx

(1 a+ta +
2" ox (u

—luxt) 6 +(—uxxx—uxxt)i>( e )+(l + 1)( e )
2 6uX 6uXXX 2uux T Uy + Ugxx 2 Zuux t Uy + Uyxx
10

Lo 1) Cun,+u+ug) *0)
0 3 2uuy + Uy + Uyyy 0

. . o (TH . - : .
Therefore V5 is not associated with (Ti‘) with multiplier A;. The table below shows the relationship between the 3
1
vector symmetries and the conserved vectors with their multipliers.
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Table 1 Relationship between the point symmetry vectors and conserved vectors

Multipliers | Conserved Vectors | Symmetry Vectors | Association
A =1 TE, T Vi, V,, Vs, X
A, =x TS, TS Vi, V,, Vs, X
A=t TS, TF Vi, Vo, Vg X
Ay = xt Tf, Tf Vi, V,, Vs X

. : . . . . Ty .

We now use the lie point symmetries which are associated with the conserved vector (T%‘) to transform the variables
1

of the Boussinesq equation (1.0) into new similarity variables. we consider the linear combination V, + cV; where cis a

non - zero constant. solving the characteristic equation.

we obtain the canonical coordinates
s=tr=x—ct,w(r)=u
In the new canonical coordinates, the conservation law D, Tf + D, T = 0 is rewritten as

D, T +Ds T =0
We can find T{ and T} by

Tr = __TiDe (+TIDx (1)
1= DL ) Dy (M D)

ro_ _ TiD () + D, (s)
LT D, D () =Dy () D, ()

Substituting the canonical variables, their derivatives and the conserved vectors into (2.5) we obtain

T = —cup — 2Uly — Uy — Uggy  coerereerenn (2.6)
TF = —u,
Now,

du_ dw ow or

U= —=—= —.—=— (W,
7 ac ac ar ot 4

u __du_dw _ 0w 0r _ W= W
X7 dx dx  ar ox T T

Similarly,

_duy dwy _ dwy 01 _

Uyy= =W,
XX dx  dx ar ‘ax T

Usxx= Wrrr

using (2.6) we obtain
TI = (1 —cHWr + 2WWr + Wy e (2.7)

TP =cw, (2.8)
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Where w, is total derivative with respect to r. Since (2.8) does not depend on s, we deduce from that

D, Tf =0

This means that 7] is a constant. That is m
A=W+ 2wwy + Wer =k e (2.9)

where k, is a constant. Equation (2.9) is a third order ODE which is a double reduction of the fourth order ill-posed
boussinesq equation (1.0).

3. Results and Discussions
By integrating (2.9) once with respect to r, while setting the constant of integration to zero gives rise to
A=cHw+ w?+ w,. =0

Further integration results to

where k; is a constant. This implies

3
w2 =(c? — Dw? _sz + 2wk

5 ,  2w?
w, = |[(c?—1w? — 3 + 2wk,

aw _ 2 _ 2 _ 2w
= —\/(C Dw - T 2wks

dr 1

aw 3
\/(cz—l)wz —2% +2wk3

dw

=dr

3
J(cz—l)wz - 2% +2wk3

dw

=r+ k4_

3
J(cz—l)wz - 2% +2wk3

where k, is constant. In terms of the original variables, we obtain

du

=x—ct+ky = (3.0

\/(cz—l)uz - %u3 + 2uks3

Equation (1.12) is the integral solution of the ill-posed Boussinesq equation (1.0).

4. Exact solutions by improved generalised Riccati equation mapping method

Here, we solve the reduced equation (2.9) using improved generalized Riccati equation mapping method [4]. Our main
aim is to obtain exact or at least approximate solutions if possible for the reduced equation (2.9). We express the
solution, w(r) of equation (2.9) in the finite series

w(r) = X7 apt, s (3.1)
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where q; are constants to be determined and ) satisfies the Riccatti equation

WV =pu+ B+ @ —1DYP? (3.2)

We determine the positive integer m in equation (3.1) by balancing the highest order derivative, w,,. and the nonlinear
term, w? by solving

m+2=2m = m=2,
so that the solution of equation (4.36) can be written as
w(r) = a2 +a Y +a,+a P+ ap? 0 (3.3)
After substituting and collecting all the terms of the same power, z,b",i = —2,-1,0,1, 2 and equating them to zero, we
obtain a system of an algebraic equations ( Due to the size of the equations we decided not to display the equation for

simplicity). Solving the system of the algebraic equations for a_,, a_;,ay,a4,a,,c, using symbolic computation
software, Mathematica 9, we obtain

a,=a,=0,ay= —6u(v—1),a_; = —6Bu,a_, = —64%  .rrreeer... (3.4)
Substituting equation (3.4) into the solution formula (3.3), we obtain

w(r) = —6p?Y 2 —6fup ™t —6u(v—1) e (3.5)

Substituting the known solutions, ¥(r) of the Riccati equation (3.2) into equation (3.5) and simplifying the resulting
equation in terms of the original variable, u(x, t), we obtained the following new types of solutions:

TYPEL: Q= B2 —4u(v—1)>0,8(v —1) # 0, (or u(v — 1) # 0), Soliton like solutions
-1

u (x,t) = —6u(v—1) + 128u(v — 1) |B +VQ Tanh g(x —At)

-2

—24(u(v — 1))?|B +VQTanh g (x — At)

-1

uy(x,t) = —6u(v—1) + 12fu(v — 1) |B +VQ Coth g(x — At)

-2

—24(u(v — 1))? [ﬁ ++/Q Coth (g (x — At)) ]

us(x,t) = —6u(v—1)+ 12pu(v —-1) [ﬁ + \/ﬁ(Tanh (\/ﬁ(x — At)) + iSech (\/E(x - At))) ]_ —24(u(v —
1)2[g + v (Tanh (V= 20)) + iSech (VAL (x - At))) ]_2

-1
uy(x,t) = —6u(v—1)+ 128u(v—-1) [[3 + \/ﬁ(Coth (\/ﬁ(x - At)) + Csch (\/E(x - At)))] —24(u(v — 1)) [,8 +
2B + \/ﬁ(Tanh <g (x —

28 +VQ <Tanh (? (x — lt)) + Coth <g (x — lt)))]

\/E(Coth (\/ﬁ(x - lt)) + Csch (\/ﬁ(x - lt)))]_z us(x, t) = —6ulv —1) + 24Bu(v—1)

-1

At)) + Coth (@ (x — At)))l —96(u(v — 1))?

-2
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JAZ+ B2 — VA Cosh (VA (x — lt))‘l

(G0 t) = —6u(v —1) — 128u(v — 1) |-
ug(x, t) ulv —1) pulv )l B+ ASinh(\/ﬁ(x_M))'i'B

-2

JAZ+ B2 — AVQ Cosh (VA (x — 1))
ASinh (VA (x = 2t)) + B

—24(u(v - 1))?|-p +

JAZ+ B0 + AV Cosh (VA (x — lt))‘l

S t) = —6u(v —1) — 128u(v — 1) |-B —
u,(x,t) ulv —1) pulv )l g ASinh(\/ﬁ(x_’“))*'B

-2

J@Z+BDHA + AV Cosh (VA (x — 20))
ASinh (VA (x = 26)) + B

—24(u(v — 1))? [—ﬁ -

where A and B are two non-zero constants and satisfies B2 — 4% > 0.

Cosh (g (x — At))

-1
%mo=—ww—n—w[ ‘
{\/ﬁ Sinh (g (x — At)) — BCosh (g (x — /1t)>J|

[ Cosh (g (x — lt)) }
3

? l\/ﬁ Sinh (g (x — At)) — BCosh (@ (x — /1t)>|

Sinh (g (x — /1t)> |

|
B Sinh (g (x — At)) —+/Q Cosh (g (x — At))‘

[ Sinh (g (x — At)) }
3

? Il,B Sinh (@ (x — At)) —/Q Cosh (@ (x — /1t)>J|

[ Cosh (g (x — At)) }

[\/ﬁ Sinh <g (x — At)) — BCosh (g (x — /1t)> +iVQ

|[
us(x, ) = —6u(v — 1) + 33[

-2

uo(x,t) = —6u(v—1) —3p

3 2

" 2|ya sink (VO (x = 26)) = BCosh (VA (x — 26)) £ iV

-2
Cosh (\/ST (x — /1t)>
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[ Sinh (g (x — /11:)) }

[—[)’ Sinh (x/ﬁ (x — At)) +VQ Cosh (\/ﬁ (x — At)) +VQ

uy(x,t) = —6u(v—1) —3p

-2
3 Sinh <g (x — lt))
-2 o)
2| -p sink (\/ﬁ (x — /lt)) +VQ Cosh (\/ﬁ (x — At)) |
| |
Sinh (@ (x — /1t)> Cosh (@ (x — At))

3
U (x,t) = —6u(v—1)—5p
2
—2BSinh (g (x — At)) Cosh (@ (x — At)) + 2+/Q Cosh? <g (x — At)) -Va

| Sinh (g (x— At)) Cosh (@ (x— At)) ]
3

8
[—ZﬁSinh (@ (x — At)) Cosh (@ (x — At)) + 2v/Q Cosh? (‘/T‘T (x — At)) -vJa ]

-2

TYPE 2:Q = B%2 —4u(v—1) < 0,8(v — 1) # 0, (or u(v — 1) # 0,Periodic form solutions

us(x,t) = —6u(v —1) — 12Bu(v — 1) |- + VQ Tan (g (x— At)) ]

-2
—24(u(v —1))?|-B +VQTan <g (x — At)) ]

u(x,t) = —6u(v —1) + 128u(v — 1) [B + VQ Cot (g (x— At))‘

-2

—24(u(v - 1)?

B +\/ﬁCot<g(x—/1t)>

Us(x,t) = —6u(v —1) — 12Bu(v —1) [—B + \/ﬁ(Tan (\/ﬁ(x — At)) + iSec (\/ﬁ(x — At))) ]_1 —24(u(v —
1)2[-B +VT (Tan (VA= ) + iSec (VT (x — At)))]_z

-1

Ue(x, t) = —6u(v — 1)+ 12Bu(v —1) [ﬁ + \/ﬁ(Cot (\/ﬁ(x - At)) + Csc (\/ﬁ(x - At))) ] —24(u(v — 1)) [,8 +
\/ﬁ((]ot (\/ﬁ(x - At)) + Csc (\/ﬁ(x — At)))]_z
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-1

U, (x,t) = —6u(v—1) —24pu(v —1) [—Zﬁ + \/ﬁ(Tan (? (x — /lt)) — Cot <g (x — At)))l —96(u(v —

-2
1))? [—23 +VaQ (Tan (@ (x— At)) — Cot (@ (x = ﬂt)))l

_ﬁ+

+/(47 + B0 — AVA Cos (VA (x - At) ) N
wg(x,t) = —6u(v —1) — 12u(v —1)

ASin (\/ﬁ(x - At)) +B

-2

+./(A2 + BH)Q — AVQ Cos (\/E (x — At))
A Sin (\/ﬁ(x - At)) +B

—24(u(v - 1D)?* [-B +

+/(47 + BDQ + AVA Cos (VA (x - At))]_l

o0 t) = —6u(v—1) — 12 -~
o6, 0) = ~6(v = 1) = 12p(v >[ﬁ Asin (VA (e = 20)) + B

-2

+./(AZ + BH)Q + AVQ Cos (\/E (x — At))
A Sin (\/ﬁ(x - At)) +B

~24(u(v — 1)? [—ﬁ -

where A and B are two non-zero constants and satisfies A2 — B% > 0

|[ Cos (g@—u))
po(x,6) = —6(v — 1) — 3ﬁl

-1

]
|
VQ Sin <g (x — At)) + BCos (g (x — At))‘

-2

Cos (g (x — At))
3

2
VQ Sin <g (x — /1t)> + BCos (g (x — At))

Sin <g (x — At))

—B Sin <\/ﬁ (x — /1t)> ++/Q Cos (g (x — /’lt)>J|

Uy (x,t) = —6u(v—1) +3p
(2
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Figure 1 Graph of the cuspon solution u, (x, t) for =1, u=-1, v =2 with -10< x, t< 10

Solutions u,3(x, t)and u,, (x, t)are bell shaped sech? solitary traveling wave solutions. Solutions u, (x, t) and u,(x, t)are
singular soliton solutions. Figure 2 shows the shape of exact soliton traveling wave solution u, (x, t) of equation (4.36).
The shape of figures of the solution u,(x, t) is similar to u,(x, t). The solutionus (x, t)is a singular kink solution. Figure
3 shows the shape of exact singular kink-type solution (shown here is only the shape of the solution us(x, t)with §=1,

u=-1,v=2with -10< x,t< 10

000009009

Figure 2 Graph of the soliton traveling wave solution ug(x, t)for =1, u=-1, v =2 with -10< x, t< 10
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Figure 3 Graph of singular kink traveling wave solution ug(x, t)for f=1, u= -1, v= 2 with -10< x, t< 10

Solutions ug(x, t) to uq; (x, t), uy3(x, t)and u,,(x, t)describe the soliton, which is a special type of solitary wave, The
soliton solution is specially localized solution; hence u',u" tends to zero as € tends to +oo and £€=x — ct. The soliton has a
remarkable property in that it keeps its identity upon interaction with other solutions. Solutions u,,(x, t), u;,4(x, t),
Uys(x, 1), uy;(x, t), ue(x, t) and u,, (x, t)represent the exact traveling wave solution. The periodic solutions are exact
traveling wave solution that are periodic such as cos(x — t). Figure 4 below shows the periodic solution uiz2(x,t). The
graph of the periodic solution u,,(x, t) for v=18=1, u= -1, v = 2 with -1< x, t< 1 is omitted for convenience. Solutions
uy3(x, £), Uy (x, t), ugg(x, t), Uyo(x, t), Uy, (x, t) are exact singular period solutions. Figure 5 shows the shape of u;5(x, t)
withv=1=1,u=1,v=2and-1<x,t<1
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Figure 4 Graph of the periodic traveling wave solution u4, (x, t) for =1, u=-1, v =2 with -10< x, t< 10
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Figure 5 Graph of the singluar periodic traveling wave solution u,3(x, t)

5. Conclusion

The symmetry generators and conservation laws derived using the multiplier method were used to reduce the original
fourth-order Boussinesq equation to a second-order ordinary differential equation (ODE). This was achieved by
identifying the symmetry variables and using them to reduce the order of the equation. The reduced second-order ODE
was solved exactly, yielding new solutions to the ill-posed Fourth-order Boussinesq PDE. The exact solutions obtained
provide insight into the physical behavior of the system modeled by the equation and can be used to verify the accuracy
of numerical simulations, study the stability, chaotic and asymptotic behavior of the system. The technique used helps
to advances the understanding of complex nonlinear systems and provides a methodology that can be applied to other
PDEs with similar structures. The exact solutions also offer valuable insights into the behavior of the equation and can
serve as benchmarks for future analytical and numerical studies. The exact solutions obtained were graphically
displayed and analyzed, providing a visual representation of the behavior of the solutions. It revealed the structure of
the solutions, including the formation of solitary waves and shock waves, and also the effect of the parameters on the
behavior of the solutions.

Recommendations

Based on the findings of this research, we recommend that symmetry analysis and conservation law derivation
techniques developed in this research can be applied to other nonlinear partial differential equations, and simulations
can be performed to verify the accuracy of the exact solutions obtained in this research and to explore the behavior of
the equation in different regimes. Furthermore future research should aim to generalize the methodology employed in
this study to encompass all nonlinear PDEs that lack lie point symmetries and conserved vectors, thereby broadening
its applicability and scope.
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