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Abstract

In solving the problem of determining saturation classes, a number of important results were obtained by P.L.
Romanovsky, I.P. Natanson, D.K. Fadeev, B.I. Kornblum, F. Kharshiladze, A. Turetsky, P.L. Butzer, R. Nessel, R.G. Mamedov
and others. Using the Fourier transform method, Butzer [1-2], R.G. Mamedov [ 4] and others determined the order and

saturation class of various singular integrals and linear operators in the space Lp (—OO, OO) ( p= 1) .

The main results obtained in recent years by various authors on the solution of the saturation problem are described in
detail in the monographs of R.G. Mamedov [ 4] and Butzer-Berenz [ 3].

In this paper, the order and class of saturation are determined

« -singular integrals of general form in the metric of the space Lp(Rn) . The results obtained are applied to

determining the order and saturation class of a specific singular integral.
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1. Introduction

Let R, — N dimensional Euclidean space and let

A= A), t= (e t,) And K, (1) :f[ K, ()

where K. , (t,), (t, € R;, 4, >0, 1<e <n) are one-dimensional kernels satisfying the conditions

1 00
NP [K., t)dt, =1 K, ) Ly M. <0 And

fm - [|K, . (t.)ldt, =0 (1)

|te|>5
(6>0)

* Corresponding author: Musaev Ali Mehti

Copyright © 2025 Author(s) retain the copyright of this article. This article is published under the terms of the Creative Commons Attribution License 4.0.


http://creativecommons.org/licenses/by/4.0/deed.en_US
https://wjarr.com/
https://doi.org/10.30574/wjarr.2025.26.1.1104
https://crossmark.crossref.org/dialog/?doi=10.30574/wjarr.2025.26.1.1104&domain=pdf

World Journal of Advanced Research and Reviews, 2025, 26(01), 1189-1197

foreveryone 1<e<n.

Let us consider foreach 1 <€ <N, ¢ a singular integral of the form:

Q) (f; x)_\/_j2( 1)° -1[ jf(xl, W Xoyn Xe = Sel X e XK, (8,)dE, (2)

o0Se =1

where a > Ois any real number.

In this paper, approximations of functions are considered. f (X) € L” (Rn) « - singular integrals of general form:

Qﬁ“)(f;X)=ﬁRf{s ;_l[l—[( n* 1[ ﬂf(x -,Xn—Sntn)}-

’ |:ﬁ Ke,/le (te):|dt.l.dtn ’ Kﬂ (t) = H Ke,ﬂe (te) (3)

where one-dimensional kernels satisfy conditions (1).

Note that if f (X) € L”(R,) 1< p <coand the kernel K., (t.) satisfies conditions (1), then the singular integral (3)

exists almost everywhere on R, and the following relations are valid:

W[RL (f;x)

n
L(R,) < C2”f(x)”L"(Rn) HHK

L(Ry)

L"(R)

) fim Q7 (f:x) - ()

QL (F:0- 10

L*(Ry) ‘ LP(Ry)

(with) im Q) (f;) ~ f (x)

(u=e)

foreach 1< 1< nand Jim means that 4, —> oo foreach 1< u<n( u#e).
—>®0

(u=e)

@[ f () -Q (f:x) . si i {f[ (g H

H=1 | S-Sy =l e=ptl

+
L°(Rn)

Jr0-Qw (%)

L(R)

1k
+|f00-Q (f:%)

L*(R,)

In what follows we will assume that
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i o
6200 =27 e
S.=1

e

for A, > Oeach 1<e<n,where K., (U,)is the Fourier transform of the function K, , (t,).

Let us denote by F the set of all infinitely differentiable functions with compact support.

Let us introduce a class of functions
M: ()= {z//(x) eF,n,(U)y" () =r, (u)forsome r, (x) € F,n(u)#0,1<e< n}.

Theorem. Let f(x) e L?(R,) (1< p<o0)and one-dimensional kernels Kes () (t. eR, 4, >0,e =1,n) of the

singular integral (2) be such that the functions

1-G;%) (u,)

@ ) —
ﬁﬂe (ue) Te(/le)ﬂe(ue) !

(re (4)>0, /l{ilo 7, (4,) = O)

1
N2

is the Fourier-Stieltjes transform of some function ,ug’) (t) € NBV (—0;0), (i.e.

j dui® (t) =Land

( f+T ]‘dﬂf) (t)‘ — Ofor 4, >, 1<e<n).

-0 J

Then:

[1f

[F00-Q(F:%)

LRy 0(; Fe (/19)] ()

atthe 4 — oo, same time f (X) =0almost everywhereon R, .

II The following relations are equivalent:

@) [F0)-Q(f;%)

at A — oo (This means that 4, — oo for each one 1< e <N separately)

(B). There exists a bounded measure v on R and a function £(X) € L (R,) such that for each y(X) € M () the
relation holds

Jyx)dv(x) npu p=1

[r, 00 (xdx=1" (6)
R, _[z//(x)ﬁ(x)dx npul< p<ow

Rn
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Proof: Let us consider the case 1< p < 0.

I According to (c) we have:

[f00-Q% (fix

=0 (%)), @<e<n),

for A, — oo. Then for any function y(X) € F we will have:

_F(0-Q(F5%) ~
J'Tw (L) w(x)dx=0, (1<e<n) (8)

Since the singular integral (2) is a convolution type integral, we find

- (06) _ (a)
J»f(X) 5 (F1%) J»l//(X) 5 W )f(X)dX(9)

O R A 7Y
for each (X) e F .

Moreover, from /(X) € M ¢ () the theorem on the convolution of Fourier transforms we have:

y ()=

w(X)-QY% (f; x) | -Gl (u,)
u=—-—"1-"—
7,(4,) Te(le)

MW«ﬂ%wmﬂw=ﬂ£;j@u—um¢?m)(w.

From here, due to the uniqueness of Fourier transforms, we find:

y()-Q(f:x) 1
7. (4) RNFTRA

jru t.)dui (t,)

From the last equality it follows that

v -Q(fix)
(x) <
H T (i ) ’ LP(R,)
< ﬁurw (x—t,) T, (x) LP(RH)\dy% >0

at 4, > o, (L<e<n).

From this we have that

lim

A >0 g

v (X)—Q%) (w;x)
]

- (/16) f (x)dx = Rj r, (x) f (x)dx
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For f(x)eL"(R,).
Therefore, by virtue of (8) and (9)

[r, (0 f(9dx=0

for 1, (X) € F . From this it follows that f (X) =0almost everywhere on R, .
II (A) = (B). Taking into account (C) from (5) it follows

[F00-Q%) (F:%)

PRy 0(z,(4,)) (A, >, 1<e<n)
Then, by the weak compactness theorem (see [4 ], p. 16), there exists a function €(X) € LP (Rn) and subsequences of

numbers €, (lim A, = o0) such that

€j—o0

L F0-Q (F3%)
lim

ei%J. (L) y(x)dx = IW(X)E(X)dX (10

Rn
for any function y/(X) € F .

Since the singular integral (2) is a convolution type integral, then taking into account (10) we find:

f (@) fix (@) :
fm (x) - Q/1 (f:x) ()8~ lim Il//() Qe (v )f(x)dx=
¢ R, Z-e( e) % ) (11)
= J'rw(x)f(x)dx
Rn
From the comparison of (10) and (11) we have:
jrw (x) f (x)dx = j w (x)e(x)dx
Ry Ry
those. true (B).
Now we will prove (B) => (A). Since
w(x) - Q.7 (w; %) f(x)-Q:7 (f:%)
0\ (t) = f(x)dx = x)dx = 6'“
0 j Ty ® j Ty YWE=00w)

Then, as in the proof of relation (b) = (c) of the theorem, we have:

F()-Q2(fix) 1
Te(ﬂ’e) \/_

je(x+t )du (t,), L<e<n)

or
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||f(x)— Q) (f; x)||
| )

<M

1 0
S\/E”e(x)”mmn)”dﬂle

LP(R,)

regardless of 4,,(L<e<n),ie.

|f00-0

iy =0 (2), (2, o0, L<e<n)
Taking into account ( d ) from the last equality, we find:

|00 (f:x)

v T (ZT (L ]

at A — o0, i.e.true (A).
The theorem is proved for 1 < p < oo and for P =1the theorem is proved similarly.

Let us apply the theorems to a specific Fejér linear operator, i.e. the Fejér singular integral:

2

n | Sin 1/1t
o (0 =——"—[f(x-0[] 12 dt (12)
H(zm ) Fo -
in case 1< p<2.In this case & =1and
2
1 a | sin lﬂete n
K/l(t) = H 12 =H Ke,le (te)'
e=1 - e=1
Q(ZM) H L
Because
1 _|u| npu |u,| < 4,
K, )] ) ={2r
0 npu |u,|> 4,
That
—M n A
cwy=" 5 " HI<A
0 npufu,| > 4,

1
Therefore, for the function 7,(4,) = N and U, (u,) = |ue| the satisfying relation:
e
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1 npu |u A
1_652(%)_ p |e|< e

= 1<e<
7, (A,)u,| j—enpu u.|> 2, (<e<m (3

It is known [7 Jthat

Where

Ct, = du(<es<n)
t, u

Let's introduce the function

e, () :ﬂeﬂsm A —c:(teﬂe)}
° Vs t,
dt, :ze\ﬁ £|S'” e _ciga)
Tt

_ gilsi?te _Ct,

T’ e

Because

dt, =

]i‘eﬂe (te)

dt, <M, <o,

ie. €, (t.) € L(R,).On the other hand, if through

u, )= [e, (U)dy, @<e<n)

let us denote a uniformly bounded measure on R, then by virtue of

Tsint e
| - dt, =7 And [Cidt, =0,

—00 e

we obtain that 4, (-0) =0, 4, (+90) =27 for all values of A, and

[ar s, ()], = [fe. (u.)du, <M, <o
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Comparison of (13) and (14) shows that the function

1- Ce(,DZ (ue)

7 (4)7.(U.)

is the Fourier-Stieltjes transform of a normalized function with bounded variation.

Consequently, the conditions of the theorem are satisfied for the Fejér singular integral. Therefore, we have.

LLet f(x)eL(R,), (1< p<2).Then in order for the relation to take place

ftti0- 100, <o 32|

e=1

for 4, > o, (L<e<n)itis necessary and sufficient that f (X) =0almost everywhereon R, .

ILLet f(X)eL"(R,), 1< p <2).Inorder for the relation to take place

L1
o, (£330 = £ (0O e, = 0{27]

e=1 7Y

for A, — o0, (L<e<n)itis necessary and sufficient that f(x) e (), were

f(x)eL(R,)|f(x)eBV(R,) npu p=1

r,(f)=1f(x)e L"(R,)| f () € AC\i,(R,) no x,
u Me L"(R,), A< p<2,1<e<n).
OX

e

2. Conclusion

metric of space

In this paper, the order and class of saturation were determined. & -singular integral of general form in the

L*(R,)

. The results obtained were applied to determine the order and saturation class of a specific

Fejér singular integral
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